Thursday, Nov. 23rd
Plan For Today:

1. Go over Unit 3 Exam
#* Rewrite Unit 3 Exam after class Tuesday at 12:30pm
2. Any questions from 9.1 Graphing Transformations on the Basic Rational Function y = 1/x

x*+5x+8

from Iqst CIQSS? Graph of Rational Function f{x} = iy D

3. Continue Chapter 9: Rational Functions
v 9.1: Rational Function Transformations
% 9.,2s Analysing Rational Functions (Characteristics of Graphs)
+» 9.3: Graphs and Solving Rational Functions

4. Work on Practice Questions from Workbook
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Plan Going Forward: SRR G0 |
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1. Finish going through 9.2 questions in workbook and continue working on prdcticé review
handout.

O CRECK-IN QUIZ ON ©.2 O TUESDAY, NOV. 26TH

 CHAPTER © PROJECT DUE TUESPAY, DEC. ST
“ CHAPTER © QUIZ O TUESDAY, DEC. STI

2. We will continue Chapter 9 on Thursday.

UNIT 3 EXAM REWRITE ON TUESDAY, NOY. 28TH

O Start time is 12:30pm

Please let me know if you have any questions or concerns about your progress in this course.
The notes from today will be posted at anurita.weebly.com after class.
Anurita Dhiman = adhiman@sd35.bc.ca
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9.1 Workbook

Chapter 9 Rational Functions o # 2,45 Drocrice

9.1 Exploring Rational Functions Using Transformations

KEY IDEAS

pix)

* Rational functions are functions of the form y = ) where p(x) and g(x) are polynomial
expressions and gix) # 0. '

* You can graph a rational function by creating a table of values and then graphing the
points in the table. To create a table of values,
— identify the non-permissible value(s)
— write the non-permissible value in the middle row of the table
— enter positive values above the non-permissible value and negative values below the
non-permissible value
— choose small and large values of x to give you a spread of values

* You can use what you know about the base function
= % and t1ausf&rmatic+ns to graph equations of

the fcrrm LOVE }‘(%’JS*“

Example: Comdorra 0 egual ‘a'only | | il

For y = _3|_ 7135 the values of the

I}HIEIII]E'[EI"S are

'n\[ﬂ}::- = 3, representing a vertical stretch by a factor of 3 ===
h = 4, representing a horizontal translation 4 units

to the left

k = 5, representing a vertical translation 5 units up

vertical asymptote: x = —4

horizontal asymptotes: y = 5

() x=—4  *=0
* Some equatiﬂns of rational functions can be manipulated algebraically into the form

+ & by creating a common factor in the numerator and the denominator.

}'_1—#
Example:
_x+6

x—4
_dx-12412+4+6

" W

_ Ix—12+18
_3x-12418 P
_dx—-4) 18
Y="x—-4 +.1'—4

18
Y= x- 4+3
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Working Example 1: Graph a Rational Function Using a Table of Values
Graph y = % using a table of values.

Solution V44

Begin by identifying any non-permissible values: what value(s) can x notequal? x# _ O
Graphs of rational functions of the form y = % approach asymptotes at x = _O and
y=_0 __ Plot the vertical and horizontal asymptotes on the grid below.

Create a table of valuea. Plot and connect the pumts from the table of va]u&s 1o g:ueratt the
gencml shape of thc graph - 1gas e . Lt ma: seth

A=Q
Check your graph using your graphingealcutater. How do the graphs compare?

Summarize the characteristics of the function using a table.

Characteristic

Non-permissible value AE O

Behaviour near non-permissible value OPp CO0UN csymythe o too
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Non-permissible value KEO

Behaviour near non-permissible value Opp oo csymytir *o oo

End behaviour exkends wp ldaon . all Lonc qf wadports
Domain z 7(,\ xX#0 a:épxi

Range %xj\ H#O,gelﬂg.

Equation of vertical asymptote =0

Equation of horizontal asymptote u=0

m To see a similar example, see Example 1 on pages 432-434 of Pre-Caleulus 12.

298 MHER + Chapter9 978-0-07-073891-1

Working Example 2: Graph a Rational Function Using Transformations

Graph y = e 3 P 2 using transformationsa
Solution
Compare the function y = 3 3t 2 to the form y = _ O+ kto determine the value of

xX-\
the parameters. Then, deﬂcrnba: the effect that each parameter has on the graph u:- Rese

R zage 2w
€Y

If the asymptotes of y = ~1— are x = 0 and y = 0, use the above transformation to determine the

asymptotes of y = 3 T3 2. Explain your reasoning. yA =23 nA tj: A

Will the graph of y = A—EE + 2 have an x-intercept or y-intercept? Explain how you know.

:7(5 lg/c ol_ '\’rewsla‘\‘nw

2

— 2
What are the x- mtercept and }—111tn:rc:ept1 Z o2 X
9"’3_ - ‘).(1~3) 3 7"7— 95._«1 Which variable is set to 0 1o find the
2 & =2 * b 3 3 142 x-n'-tamapt‘? the y-mm:pr;-'
-2?;1 = -11_=—-3 =1 O) -m‘( \ \7‘:0
Use all of the abmemfurmatmu to graph y = T
¥ "

| x| 9 x]3:j x43) 3y 12
| S A T
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‘ XY ~ x| 3y 23] 312
| -2 (% -2 [-% B
| I -1 |2 2[4
[ ’/ /2_ v| _ g
T z — [ 2 _[‘
&"——'-—---———-——‘-—(-___-- > o P z 2
- Q\ S | | MF“[ ing your g
OEMEE K - . How dlc’ the two graphs ?
f M R
2\ =2 -
\ z 9=
N ¢ ki
b NTE: % yorha® oy =
v 0~\\ZK\Z~ stretch (‘j )

m To see a similar example, see Example 2 on pages 434-435 of Pre-Calculus 12.

NE =S a=3 - \c
978-0-07073891-1 Pre-Calculus 12 Student Workbook « MHR 299

—Werking Example 3:-Graph a Rational Function With Linear Expressions

d(% in the Numerator and the Denominator
4x + 2
x—1

Graph y = . Identify any asymptotes and intercepis.

Solution

Let x = 0. Solve for y to determine the y-intercept. vk

The y-intercept isat (0, ).

Let y = 0. Solve for x to determine the x-intercept.
0 = dx 4+ 2 0]

x—1

0 )

- 2

= dx

The x-interceptisat (—___ 0).

Manipulate the equation of the function algebraically to obtain the form y = T‘i 2 + k.

4 [ |
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Manipulate the equation of the function algebraically to obtain the form y = T‘i T + k.
_4x+2
|
Cdx—4+4+42 Why iz 4 subiracted and added to the
P= =1 numerator?
y= Which parameters determine the
vertical and horizontal asymptotes of
the transformed function?
The parameters are a = h = and k=___ . State the effect of each

parameter on the graph of y = ;lr Then, use the information you have generated to sketch the
transformed function on the grid above.

m To see a similar example, see Example 3 on pages 435-437 of Pre-Caleulus 12.

300 MHR + Chapter9 978-0-07-073891-1
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Thursday, Nov. 23rd In-Class Notes

9.2 - SU»W\INL{:j oL )(a‘hm\d Gm&l« Chomcteistics

© Factor t Smplhfy He Lavenal guatinm

@ Derer mine NP (ﬂmnerB {\V'VM denomivatecs
M W;\g\ﬂ/\ﬁ) '%\A&*foy\ /lp/@ Mcel\fy\?B

@ Derermina choracheristics

y= O (2= (1Y) Pomt 4 Discomtinuirty

% (P6Y) =VoLE
(- (1> o e MV =)

T o
Smpl A ted +
%70 //E -gp&:(mm'r\e cw?v‘
T —P 2. POb = (xlv
\\) e (1,9
revwa{v\mg denomivator
(%-pd s fhe VA at 2P

blc NN s x £ P
C 1o Ya coefSicent Wareh is uscd Yo
Aevermine Yt Werizontol asywp-t:rkc (8D

3:

/ L t
3: C;(}-f,_,__ - C7°2+-"" d: Cx+..._

S RBF AR AA Eoa YA e
=Soime &,a.gv/‘ef. _ YAV Ao nominator _ Aumente Aonominater
< RA DS 3'-’(/ B AXQ,;,WQ > dagree degre dsgvee

no HA or slant 2. Y=0 asyrplste
PeRA + chedk with
(vt 1 ths Yut che frons
Cowse) greph tor enty
N (I—g\x-w(t ¥s & > b ys0
3 C w=o & (a,0) J
Lop o= C(z‘“)
\ \x‘P
tj-—m‘t moke »=0 (s
+ davermine y oL =S
2. (09 o= -0
VA pov
)

21\ XL AP, X #b xe¥S

Ch9 Page 7



S | m#p, x #b, xRS,

Syl y#e, y=1, 48,
A
HA fo>

@ C’H‘Gfk o\l draractenstocs -

@ Uee o twble 4 valres to kill-inany
POt o help draw 9»479)\-

xX
?
?
2

NV S F) p-306.
_ %2 -4
Q‘&b t x -4
Dot 3) = (;/43(1 1)
sw\,ﬁ\'\‘en ‘(}( ) )A.
B = x4 )
DONMNs = x#4 3@ 06D ® x=4

s0bicte Y = z+\

N Se = 4t i
gfﬁf %36 | Pov = (4,9 \

Jubet
o s oA no\A
e X‘\YVE’. —_— O = >+ |
- «—1 - (—003
v x=—1 I l
/ lﬂ"IV\‘t — y: o1

po> 3:\ :.@

"
21‘ >c9ﬁ“r)7&5~({g~
2yl U?ffz YRS

Ch9 Page 8



p.zm

2
‘Y’(T(:) - X +4x1+ 32 9(1/) % T
v =

O = et 962> - & -\Yx- D)
X1

x|
W(;(): Xt l
L VA@')(_F-'\ Y\OQGD /
H < | I w\appk no /| HA
o> ® ="\ WP
Y= -143 AP LR AR
B i x=\ >x=3
g (1> (3
~<4nt, (23‘—‘ y S PN -—m{ y(__DLO;B_)
x="3 A
v_m«t_ 3: 0x3
U=3>
r\O\'\A/ wo VA

/ Zx.\xqé—\,xa@
2}9 \y#2, 36(23.

Ex 2 p- 208

Moy = xZxaxt
X% A G 4

@“P“[t” IVENE ( = 25(}*’40

5\:7\529 )(, +\ yi 1'/‘\'\ —

NPVe .

G(t i X 1,74
( EZ—\'\
& s 06D @\,.ﬁ\\ nE

Ch9 Page 9

L4




O JE

@WWCS

W chormacternstics
% ?tufk \,sii\ﬂ ‘w\e 4.

S

-t e

d

X# 1,74

K%L) %’%}\X\ DGt s it

423
v,:{ m v i~ -,l

3 0"c\
\)A @EE rr2
4A@[g=1] =)

S e = e e e i e O

/‘/’

-

W
@\' » N\f‘
Y
\A
t
\}
N
E—— - - —_—————— -

- L2
3’ 2N\

™Y g3 #4

Ch9 Page 10

VA po>
b J
21] aF#-, A —fp;ft@ ]

£y ) yr, gt IO
v
A

& :)%'/l"rD (RN C\/\(( pn,U(Cb\



9.2 Workbook

9.2 Analysing Rational Functions

KEY IDEAS

Determining Asvmptotes and Points of Discontinuity
The graph of a rational function may have an asymptote, a point of discontinuity, or both.
To establish these important characteristics of a graph, begin by factoring the numerator and

denominator fully

* Asympiotes: No Common Factors

If the numerator and denominator do not
have a common factor, the function has an
asymptote.

— The vertical asymptotes are identified
by the non-permissible values of the
function.

— For a function that can be rewritten in
the form y = .f + k, the k parameter

identifies the ho11z-:-uta1 asymptote.

Example: y = %

Since the non-permissible value is x = 3, the
vertical asymptote is at x = 3.

_xt+4

1L_33+3+s.1 }9\’*‘
e
y= 53 pethed 77
_x=3 ., T do @5 “S
e (s Yekad
y=—te+1

x—3

Since k& = |, the horizontal asymptote is at

* Points of Discontinuity: At Least One
Common Factor

If the numerator and denominator have at

least one commeon factor, there is at least one
point of discontinuity in the graph.

— Equate the common factor(s) to zero and
solve for x to determine the x-coordinate of
the point of discontinuity.

— Substitute the x-value in the simplified

y=1.
T

Example: y =

lenr

x + 2 = (: the x-coordinatg of the point of
discontinuity is —2. NPV -2

Subatitute x = -2 into the simplified equation:

y=x-4
y==2-4
y=-h

/

expression to find the y-coordinate of the W (-2,-6) = ROLE ngrjph
point of discontinuity. POD
* Both Asymptote(s) and Point(s) of Example:
Discontinuity x4 e+2)
If a rational expression remains after T AN ;1)
removing the common factor(s), there may be _ E : : ﬂH o -2

both a point of discontinuity and asymptotes.

1§ PO 15 ot A=—2
—2-4

J= ==

.-~ /
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—common factor: x + 2, so there is a point
ﬂﬂf discontinuity at (-2, 2)

— non-permissible mlu&:@s&the oy

£

vertical asymptoteisat x = |




" — non-permissible mlue:@s& the N’&l
vertical asymptote is at x = 1

— simplified function can be rewritt
% 1, 50 the hcrrizu:-ntal{ 3: %ET‘

asymptoteis at y = 1

978-0-07-073891-1
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Working Example 1: Graph a Rational Function With a Point of

Discontinuity
w2 PR
Sketch the graph of (x) = *—22—%
Solution

Fully factor the numerator and denominator of the rational function.

There is a common factor, 20 the graph of the function has a

Simplify the rational function. What type of equation remains after the function is simplified?

Equate the common factor to zero and solve for x. Doing so identifies the

-value of the

Substitute the value of x into the simplified function and solve for y. Doing 2o identifies the

-value of the point of discontinuity in the graph.

The point of discontinuity is

Graph the rational function, labelling the point of discontinuity.

Ch9 Page 12
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Does it matter if you graph the
onginal equation or the simplified
equation? Explain.

306 MHR + Chapter9 978-0-07-073891-1

Working Example 2: Compare Points of Discontinuity and Asymptotes
in Rational Functions

aZ—dr+ 3
x+1 -

X 4d4x+3

Compare the graphs of f{x) = ——

and gix) =

Solution

Fully factor the numerator and denominator of each rational function. Simplify the rational
functions, if possible. How do the two simplified equations differ?

When simplified, fix)isa function. It has a(n)
{ point of discontinuity or asymptote)
When simplified, g(x)isa function. It has a(n)

{ point of discontihuity or asymptote)

With the help of technology, sketch the graph of each function on the grids below. Draw and
label any asymptotes that exist.

ey ! Ly
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Both #{x) and g{x) have a non-permissible valueat x = . Describe what happens to
each function as the graph approaches this non-permiszible value.

078-0-07-073891-1 Pre-Calculus 12 Student Workbook « MHRE 307

Working Example 3: Sketch a Discontinuous Rational Function

Sketch the graph of /(x) = 5222, | abel all important parts of the graph.

Solution

Fully factor the numerator and denominator of the rational function. Simplify the rational
function.

Equate the common factor to zero and solve for x to establish the of

the point of discontinuity. Substitute the value of x into the simplified function and solve for y

to establish the of the point of discontinuity in the graph.

The point of discontinuity is at
Find the x-intercept and y-intercept of the simplified function.
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Find the x-intercept and y-intercept of the simplified function.

Find the horizontal and vertical asymptotes of the simplified function. Then, use the
information you have generated to graph the general shape of the rational function. Label the
point of discontinuity, the asymptotes, and the intercepts. Check your sketch using technology.

¥h

o
=y

308 MHR + Chapter @ 978-0-07-073891-1

Ch9 Page 15



9.2: Analysing Rational Function Graphs

Graph Rational Functions with Holes

If the degree of the numerator < degree of the denominator then horizontal asymptoteisaty =0.

The vertical asymptotes will occur where the denominator equals zero.

If there is a common factor in the numeratorand denominatorthen the graph of a rational
function will have a hole when a value of x causes both the numeratorand the denominator to
equal 0. We can set the common factor to zero and solve forx to find the hole.

Example:
[1x= 2
-2x+8 |
X)=—F————
St X —6x+8 . :
I
= ﬂ f( x)= -2x+8 i / :
(x—d)x-2) fO s L
T I
hole atx=4 vertical asymptote i f ; ' i
atx=2 . | Holeatx=4
o/
I
I
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Sketching the Graph of a Rational Function by Hand

(53]

Guidelines for Graphing Rational Functions

Write the rational expression in simplest form, by factoring the numerator and
denominator and dividing out common factors.

Find the coordinates of any “holes” in the graph.
Find and plot the y-intercept, if any, by evaluating f(0).
Find and plot the x-intercept(s), if any, by finding the zeros of the numerator.

Find the vertical asymptote(s), if any, by finding the zeros of the
denominator. Sketch these using dashed lines.

Find the horizontal asymptote, if any, by comparing the degrees of the
numerator and denominator. Sketch these using dashed lines.

Find the oblique asymptote, if any, by dividing the numerator by the
denominator using long division.

Plot 5-10 additional points, including points close to each x-interceptand
vertical asymptote.

Use smooth curves to complete the graph.
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Rules for Graphing Rationals Examples
To get the end behavior asymptote (EBA), you want to
compare the degree inthe numerator to the degree in _ x+2
the denominator. There can be at most 1 EBA and most y x° =4

of the time, these are horizontal.

Notice that even though we can take out a removable

# If the degree (largest exponent) on the bottomis discontinuity (x + 2), the bottom still has a higher degree

greater than the degree on the top, the EBA (which | than the top, so the HA/EBA is y =0.

is also a horizontal asymptote or HA) is y =0.
# If the degree on the top is greater than the degree :

. . x +2

on the bottom, there is no EBA/HA. However, if the y=

degree on the top is one more than the degree on x—4

the bottom, than there is a slant (oblique) EBA . o

asymptote, which is discussed below. Mo HA/EBA. Vertical asymptote is still x=4.
# If the degree is the same on the top and the _ 2x* +2

bottom, than divide coefficients of the variables 3% —4

with the highest degree on the top and bottom; this

is the HA/EBA. You can determine this asymptote Since the degree on the top and bottom are both 3, the

even without factoring. HA/EBAis y=%.

25 +x+1

# If the degree on the top is one more than the degree = T a—a

on the bottom, then the function has a slant or 2% 49

oblique EBA inthe form y =mx+b. We have to use _

long division to find this equation. X—4)2x +x+1 EBA: v=2x49

2x° —8x 4
We can just ignore or “throw away” the remainder git;s
and just use the linear equation. Weird, huh? —ﬁ?(
—x*+x
Q: Where does y = —————— intersect its EBA?
x +x—12

# (more Advanced) Find the point where any

horizontal asymptotes cross the function by setting
the function to the horizontal asymptote, and
solving for “x”. You already have the “y" (from the
HA equation).

-1
A: Note that the EBA is y ZT =—1. Now set

—x* +x
X +x—-12
—x"+x=—1(x"+x-12); x=6.

=—1 and cross multiply:

So the point where the function intersects the EBAs (6,—1).
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Rules for Graphing Rationals

Examples

First factor both the numerator and denominator, and
cross out any factors in both the numerator and
denominator.

®

If any of these factors contain variables, these are
removable discontinuities, or “heoles” and will be
little circles on the graphs. The idea is that if you
cross out a polynomial, you can't forget that it was
in the denominator and can't “legally” be set to D.
(We will see graph later.)

The demain of a rational function is all real
numbers, except those that make the denominator
equal zero, as we saw earlier.

(Mote that if after you cross out factors, you still
have that same factor on the bottom, the “hole”
will turn into a vertical asymptote; follow the rules
below).

)= ¥ —5x+6 =M("_2J 3
x—3 M

This function reduces to the line y = x —2 with a removable
discontinuity (a little circle on the graph) where x =2 and
¥ =[:2]—2= 0 (plug 2 in for y in original or reduced
fraction). So the hole is at (2, 0).

Domain is (—3&,3) u'|:3,$), since a 3 would make the

denominator = 0. It's like we have to “skip over” the 3 with
interval notation.

To get vertical asymptotes or VAs:

After determining if there are any holes in the
graph, factor (if necessary) what's left in the
denominator and set the factors to 0. For any value
of x where these factors could be 0, this creates a
vertical asymptote at “x = ” for these values.

Mote: There could a multiple number of vertical
asymptotes, or no vertical asymptotes.

Don’t forget to include the factors with “x” alone
(x = 0 is the vertical asymptote).

_x2—5x+6_ Lx/‘ﬁ(j[x—Zj  x=2
y= x[:xz—g:] _XM[X+3j_x[X+3]

Vertical asymptotes occur when I:x— [}] =0 or [:x+3] =0,

or x=0o0r x=-3.

Domain is (—30,—3] ] (—3,0] x_J[D, 3] u‘(S,r] . since anything
that could make the denominator 0 (even a hale) can't be
included. So we have to "skip over” -3, 0, and 3.
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Steps

Graph

3x' —Bx—16
3x —16x+16

Factor:

(3x+4)£yﬂfj
(3x—4) ()

EBA/HA: Since the degreeis
the same on the top and
bottom (both are 2), we take
the coefficients and divide
them: y= %:1 .

x-intercept (root): Sety (or

y=(3x2-8x-16)/(3x*-16x+16)

top) to O: ‘
Removable Ix+4=0; x =_% [J_%rﬂ‘] sintercept: (-1/3, 0) : ﬁ[::,:) EBA/HA: y=1 -
. L [P OU A M T AT OO prewers-re o o
Discontinuity or Hole: | y-Intercept: Setxto O: BRI NN T | T ¢ % R P
x=4,plug in 4for x to _ 3(0)+4 =1 (0,-1) y-intereept: (0,-1) :
gety=2. RDis(4, 2). 3(0)-4 ’ N
VA: Set deneminator Domain: Can't be any value of . VA:x=4/3 do/Loves
to 0 after removing the | y that makes the bottom zero: ‘ T
hole: 3x —4=0 x=3%. (~o0,2) U (%, 2)U(4,2)
y=— X x-intercept (root): Sety(or " by 4
x +4x—=5 top) to0: x=0. (0,0)
Factor: S : I
. y-Intercept: Setxto O: o
X ) o4
= Q) . i
Y (x+5)(x—1) y:z(i’z[]: (0,0} T
(0) +4(0)-5 ' | T
VA: x=-5 I. i
VA: Set denocminator L W) - R
to 0 after factoring; we “T-chart”: Try some points =] I : : " e P YA
have 2 of them: around the vertical woan | x{:-n:ir iVﬁ'x=l ¥
X =—5,. x=1. asymptotes: intercept - i
x=-b, y=-.86 | :
=—4, y=.8 : )
EBA/HA: Since the P ;' .
degree on the top (1) is A s T3
less than the degree on . , ] ) NV Halh
he b h Domain: Can't be any value of ;
the bottom (2), the x that makes the bottom zero: ¥

EBAor VAiIsy=0.

(o0, 5)u(-51)u(L,=).
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F 3 ‘
LY. 5
N M Y Rules for Asymptotes
1 i A=A T=TY
. : 22 16t 16
: STA LA 1
Exponent of highest degree term in denominator larger than highest
© ' degree term in numerator then Horizontal Asymptote is
i y=0
: (4,2 THA: =1
: 3 i EBA/HA: 1
x-intercept: (-4/3,0)., : O
: : ]
=] o _ : T Exponent values of highest degree of terms in numerator and
TR o el : " denominator the same then Horizontal Asymptote is
L ]
peintercept:(0;=1)> y = ratio of their coefficients
J {VA:x =4/3
T h

' 2.2 Point ;f D-is-cantinuity

9

f(x) ==

This point does not exist

(2, 3) Point of Discontinuity

5. Which graph matches each rational
function? Explain your choices.

a) Alx) = X'+ 2x b) B(x) = X—2_

x:+4 xX? — 2x

g X+ 2 2X

0 Cx) = ——— d) D(x) = ———
) C(x) 4 ) D(x) Z 1 7%

Ch9 Page 21



8. Write the equation of a possible rational
function with each set of characteristics.

A

a) vertical asymptotes at x = +5 and
x-intercepts of —10 and 4

b) a vertical asymptote at x = —4, a

)

d)

point

of discontinuity at (—12—1 9),

and an x-intercept of 8

a point of discontinuity at (—2. —),

a vertical asymptote at x = 3, and an

1
5

x-intercept of —1

vertical asymptotes at x = 3 and

i B
O

, and x-intercepts of —% and 0
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